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Let c(x, y) denote the maximum number of edge-disjoint directed paths 
joining x toy in the digraph G. It is shown that, for a given point a of G, c(a, x) < 
c(x, a) for any x implies that the outdegree of a is < its indegree. An imme- 
diate consequence is Kotzig’s conjecture: Given a digraph G, c(x, y) = c(y, x) 
for every x, y  if and only if the graph is pseudo-symmetric, i.e., each point has 
the same indegree and outdegree (the “if” part having been proved by Kotzig). 
The same method is applied to prove a weakened form of a conjecture of N. 
Robertson, while the original conjecture is disproved. 
1. Kotzig [3] proved that, if G is a pseudo-symmetric digraph, 
i.e., a digraph such that the outdegree 6(x) of any vertex x equals to its 
indegree p(x), then c(x, JJ) = c( y, x) for any x, y (we recall 
that c(x, v) is the maximum number of edge-disjoint (x, y)-paths in G). 
He conjectured that the converse is also true. Partial results concerning 
this conjecture were obtained in [2,4]. 
We are going to prove the following theorem, from which Kotzig’s 
conjecture easily follows: 
THEOREM 1. Let a be a point of the digraph G such that c(a, x) < c(x, a) 
for any x. Then 6(a) < p(a). 
If we have c(a, x) > c(x, a) for every x, then converting the arrows we 
get S(a) 3 p(a). Hence, 
COROLLARY. If c(x, a) = c(a, x) for any x, then 6(a) = p(a). 
We will need some further notions. For XC V(G), we denote by 6(X) 
and p(X) the number of edges joining X to V(G) - X and V(G) - X to X, 
respectively. This notation is in accordance with that introduced for the 
degrees. A set XC V(G) - {a} is called regular (relatively to a; however, 
this term will be omitted as a if fixed throughout), if there is an x E X such 
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that c(a, x) = p(X). x is a core of X. We begin with some properties of 
regular sets valid in any digraph (with a “root” a). 
LEMMA 1. f@- u y> + PV n y> d fV> + f(Y). 
This follows from the observation that each edge is counted at least as 
many times on the right-hand side as on the other side. 
LEMMA 2. Assume U, V are regular sets with cores u, v and u E V. Then 
U n V, U u V are regular with cores u, v, respectively. 
Proof. By Lemma 1, 
Au u v> + f(u n VI G f(u) + f(v). 
Now we have p(U) = ~(a, u), p(V) = ~(a, v), p(U n V) > ~(a, u) 
(as ZJ E U n V), and p(U u V) 3 ~(a, v) (as v E U u V). This shows we 
must have equality everywhere. 
LEMMA 3. For each point x # a, there is a regtdar set T, with core x 
such that, whenever U is a regular set and x E U, we have T, C U. 
Proof. Each point x # a is a core of some regular set. For by the 
“digraph-edge” version of Menger’s theorem, the maximum number 
c(a, x) of line-disjoint (a, x)-paths equals the minimum number of edges 
to cover all (a, x)-paths. However, it is easily seen that any minimal set 
of edges that covers all (a, x)-paths is the set of edges entering an 
U _C V(G) - a, x E U. The number of these edges is, by definition, p(U). 
Hence, c(a, x) = p(U), i.e., U is regular with core x. 
Now let T, be the intersection of all regular sets with core x. Then, by 
Lemma 2, T, is a regular set with core x. If U is regular and x E U then, by 
Lemma 2, U n T, is a regular set with core x and thus, by the definition 
of T, , T, C U n T, C U. 
LEMMA 4. Let U, ,..., Uk be the maximal regular sets of a graph G 
(relative to a), with cores u1 ,..., uk . Then ui 6 Uj if i # j. 
Proof. If ui E Uj , then Vi u iJi is regular by Lemma 2, which contra- 
dicts the maximality of Ui and Uj . 
Now we turn to the proof of Theorem 1. Using the same notation as 
before, let U, ,..., U, be the maximal regular sets (relative to a) and let 
Vi = Ui -ui,i Uj . By Lemma 4, ui E Vi . Hence S(VJ 3 c(uI , a) 2 
c(a, ui) = p(Ui) by the assumption of the theorem. Hence, 
i Wi) 3 i p(Ud. 
i=l i=l 
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Note that the edges counted in & S(VJ are either entering a or joining 
Vi to an Uj j # i; moreover, each such edge is counted only once. On the 
other hand, in Cf=, p(Ui), each edge which enters an Uj (from a Vi or 
from somewhere else) is counted at least once; and each edge leaving u is 
counted here. Thus, 
which proves the theorem. 
2. By an arborescence rooted in a we mean a tree which is directed 
in such a way that exactly one edge enters each x # a. Edmonds [l] 
proved that a digraph has k edge-disjoint spanning arborescences iff 
c(u, x) > k for any point x # a. N. Robertson raised a possible gene- 
ralization of this result: each digraph G with a “root” a contains edge- 
disjoint arborescences I+ , B, ,... such that each point x # a is contained 
in exactly ~(a, x) of them. This is not true, however; see the graph on 
Figure 1 (the numbers at the vertices indicate the value of c(u, x)). 
FIGURE 1 
Assume that this conjecture is true for a graph G. Putting 
G’= B,uB,v--, we get a subgraph G’ which has the following 
properties: the indegree of x # a in G’ is c(x, a) and there are c(u, x) edge- 
disjoint (a, x)-paths in G’. Now such a G’ exists for any G. 
THEOREM 2. Given u digruph G with a “root” a, we cunJind a subgruph 
G’ with V(G’) = V(G) such that, denoting by c’, p’ etc, the c, p, etc. in G’, 
we have 
p’(x) = c’(u, x) = c(u, x) 
for every x E V(G) - a. 
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Proof. Let G’ be a minimal subgraph of G such that ~‘(a, x) = c(u, x) 
for each x # a. We have to show p’(x) = ~‘(a, x). 
Let E be an edge joining y to X. Remove E from G’, then the resulting 
graph G” has a vertex z such that ~“(a, z) < ~‘(a, z). By Menger’s theorem, 
there is a 2 C V(G) - a such that z E Z and p”(Z) = ~“(a, z) < ~‘(a, z). 
On the other hand, p’(Z) > ~‘(a, z). As p”(Z) > p’(Z) - 1, we must have 
p’(Z) = p”(Z) + 1 = ~‘(a, z). This means Z is a regular set with core z 
and, on the other hand, x E Z, y $ Z. By Lemma 3, we have T,’ _C Z, thus 
Y tf TX’. 
Thus we have shown that all edges of G’ entering x actually come from 
a point outside T,‘. Hence, 
P’(X) G p’(Tz) = c’(u, x) < p’(x), 
which proves the assertion. 
Added in proof. Corollary of Theorem 1 and Theorem 2 have been proved, in- 
dependently, by A. Kotzig and N. Robertson, respectively (unpublished). 
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